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A prounipotent group (over C) is a pro-affine algebraic group which is an 
inverse limit of unipotent complex algebraic groups. These groups were 
studied in [7], where the existence of free prounipotent groups on a set was 
established. In this paper we analyze. the structure, lower central series, 
automorphism group, and some abstract subgroups, of a free prounipotent 
group on d generators. 
When we introduced free prounipotent groups in [7], they were 
constructed in terms of their universal mapping property. In seeking to 
understand their internal structure, which is our goal in this paper, we have 
been guided by the theory of discrete free groups. In particular, we have 
obtained the analogue of Magnus’ embedding theorem, which embeds the 
discrete free group on generators g,,..., g, in the algebra Z((t, ,..., fd)) of 
formal power series in the non-commuting indeterminants t, ,..., t, such that 
gP is sent to 1 + tp [8, Theorem 5.6, p. 3081. We show here that the free 
prounipotent group G on g,,..., g, is similarly embedded in C((tl,..., td)). 
This embedding theorem appears quite naturally in our setting, for reasons 
we now explain: let E denote the coordinate ring of G. E is a two-sided G- 
module, so right G-translations on E are endomorphisms of E as a left G- 
module. Thus, we have G embedded in End,(E) as right translations. (So far, 
G could be any proalgebraic group.) What we prove here, for G free 
prounipotent on g ,,..., g,, is that End,(E) = C((t, ,..., td)) where 1 + t, is 
right translation by gP. We call this result the endomorphism structure 
theorem. (The algebra End,(E) is important even when G is not free since G- 
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modules are also End,(E)-modules. In fact, End,(E) is much like a group 
algebra for G. In a subsequent paper we use this algebra for further 
applications to cohomology and combinatorial group theory of prounipotent 
groups.) 
The endomorphism structure theorem is established in the first section of 
this paper below. In the second section, we consider the lower central series 
of the free prounipotent group G: (C’G 1 i = 1, 2,... }. (Initially, this is taken in 
the sense of pro-affme algebraic groups, although we subsequently show that 
in fact it agrees with the abstract lower central series.) Using the 
endomorphism structure theorem we prove, similarly to the discrete case. 
that the complex Lie algebra gr(G) = @ (C’G/C”‘G 1 i 2 l} is free on the d 
generators gp C’G. 
With this analysis of the lower central series of G available, we can 
analyze Aut(G) in much the same way that the automorphism group of a 
discrete free group is analyzed in [ 11, which we do in our third section. The 
fourth section of the paper deals with some abstract subgroups of G. In the 
final section, we use properties of one of these subgroups (a d-fold free 
product of copies of 131) to give a new proof of the Malcev embeddings of 
finitely generated torsion free nilpotent groups into divisible groups and 
algebraic groups. 
We have stayed over C in this paper for concreteness. The results pass 
without change to arbitrary algebraically closed characteristic zero fields. 
This paper relies on our previous work [7] although we have departed 
somewhat from [ 71 in our notations here. Our notational conventions are as 
follows: let H be a prounipotent group. C[H] denotes the coordinate ring of 
H: if f E ‘c [H] an h E H, thenf . h and h . f are given by df a h)(x) = f(h?c) 
and (h . f)(x) = f(zrh). C [H] is an H-module under the left acrion h(g) = 
h . f and the right adion h(f) = f e h-‘. G, denotes the additive (algebraic) 
group C and an additice character of H is a homomorphism (of 
prounipotent groups) H + G,. X’(H) is the complex vector group of 
additive characters. If r is any group, C’T= f and C’+ ‘f = (f, C’T), where 
the commutator (x. J) is ?I~ ‘.Y ‘xJ’. For H, C’H= H and C’+‘H is the 
Zariski-closure of (H, C’H). A centralJltration of r is a set of subgroups 
{fi} with (ri, r) c riti and the associated graded group (actually Lie 
algebra) is gr(T) = @ (TilTi+, 1 i > 1 }. When no central filtration for H (or 
f) is specified, gr(H) (or gr(T)) is defined from {C’H} (or C’T). If L is a Lie 
algebra, ci ‘L = L and ~C.“‘L = [L. L’]. We use “((...))” for non- 
commutative formal power series. Homomorphisms between prounipotent 
groups are assumed algebraic, and unipotent groups are finite-dimensional 
prounipotent. 
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1. COORDINATE RING ENDOMORPHISMS AND THE EMBEDDING THEOREM 
In this section, we show that the free prounipotent group G on d 
generators can be embedded in the multiplicative group of complex power 
series, of constant term 1, in d non-commuting variables (Embedding 
Theorem). We proceed by showing that the G-module endomorphism ring of 
the coordinate ring of G is the full power series algebra (Endomorphism 
Structure Theorem). This approach shows how automorphisms of G extend 
naturally to automorphisms of the power series group. 
Notation 1.1. G is a free unipotent group on the generators g, ,..., g,. E 
is the coordinate ring of G regarded as a left G-module. For p = I,..., d, 
X, E End,(E) is defined by X,(f) = f. g; ’ -J We define subspaces Ei of 
E inductively as follows: E-, = 0, and Ei = (fE E / X,(F) E Ei-, for p = 
I ,..., d). 
The subspaces introduced in (1.1) have a number of elementary properties 
which we now record: 
LEMMA 1.2. In notation 1.1 
( 1) Each Ei is a G-submodule of E. 
(2) u (EiIi>-l}=EandE,~E~+,. 
(3) Ei = {f E E 1 mf = 0 for all monomials m in XI,..., X, of degree 
i+ 1). 
Proof: (1) We proceed by induction on i, the case i = -1 being trivial. 
Suppose (1) holds for i = 1, and let f E Ei. For each p, and each h E G, 
X,(h.f)=h.(f.g,‘-f)Eh4-,=Ei-,,soh.fEEi. 
(2) Let f E E and let M be the right G-submodule of E generated byf: 
Define an ascending sequence s’(M) of right G-submodules of M by setting 
s-‘(M)=0 and sit’ @4)/s’(M) = (M/s’(M))~. If f E s’(M), then for each p 
we have X,(f) E sim l(M)? so since s-‘(M) c E_ ,, it follows by induction 
that s’(M) g Ei. Since M is finite-dimensional and G is prounipotent, we 
have M= s’(M) for some i, so f E Ei. Thus the first assertion of (2) is 
obtained. It is clear that E, is the constants, so Ei s Ei+ , for i = -1. Assume 
that Ei Y& Ei + , for some i, and let f E Ei+ , . Then X, f E Ei+ , for each p, so 
f EEi.2. Thus Ei+, s Ei+z and we obtain the second assertion of (2) by 
induction. 
(3) Use induction on i, the case i = - 1 being clear. Suppose it holds 
for the case i - 1, and let f in E be annihilated by all monomials of degree 
i + 1. Then for each p, X,f is annihilated by all monomials of degree i, so 
X,f E Ei-, by the induction assumption. Then f E Ei, so the left-hand side 
of (3) contains the right. A similar induction establishes the reverse con- 
tainment. 
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Next, we count the dimensions of the Ei and examine the quotients 
Ei+ lIEi. 
LEMMA 1.3. In Notation 1.1. a’e define @J,: E +ECd’ by Q,(f) = 
(X, f ,..., X,f ). Then: 
(1) @, is surjective with kernel E,. 
(2) dim(E,)=l+d+d’+~..+d’fori>O. 
(3) Regarding E/E, as a left G-module, we haoe (E/E,)’ = Ei+ ,/E, 
for i> -1. 
Proof. We begin by computing E, : f is in E,, if and only if X,f - f is 
constant for p = l,..., dsof.g-f=a(g)whereaEE.Forallg,hinGwe 
then havef(gh)=f(h)+a(g)so taking h=ewefindf(g)-f(e)=a(g).so 
f(gh) = f(g) + f(h) -f(e). Set I= f - f(e). Then x is an additive character 
of G. Conversely, if x is any additive character of G and a is a constant, then 
x + a is in E, . Thus E, = E, @ X+(G). where X’(G) is the (d-dimensional) 
group of additive characters of G. We note that if f E E, and g E G, then 
gf - f E E,, and since the above arguments are right-left symmetric, if 
f E E and g . f-f E E,, for all g in G, then f E E, . We have verified 
assertion (2) for i = 0, 1 and (3) for i = 0. 
It follows from (1.2)(3) that @, has kernel E,. E is the injective hull of 
E,, and since G has cohomological dimension 1 [8, Theorem 2.91, we have 
E/E, injective, so E/E, = El”” for m = dim((E/D,)‘). By the above, we 
know m = d. It follows that @, is surjective. From (1.2)(3), it follows that 
@,(Ei+ ,) = Eid’ for i > 0, and by (1.2)(2), E, & Ei+, for i> 0. The 
dimension formula (2) now follows by induction on i. For i 2 0, the 
inclusion E, & Ei implies that @, induces an isomorphism E/E,+, + (E/Ei)‘d’ 
of left G-modules, and now (3) follows by induction on i from the case i = 0 
considered in the first paragraph. 
We can now determine the quotients E/E,. 
LEMMA 1.4. In Notation 1.1, we order X, ,..., X, so that X, < X,, , . This 
induces the lexocographic order on the monomials Mi of degree i in 
X , ,..., X, : Mi = {m, ,..., mdi}. Define Qi : E + E’d” by ai = (m J . . . . md, f ). 
Then @; is surjective with kernel Ei ~, , and in particular, there are elements 
f, ,..., fdl of Ei such that m,f5 = 6,,, for all 1 < r, s < d’. 
Proof. By (1.3)(3) and (1.3)(2), (E/Ei-,)G has dimension d’, so since 
E/E,-, is injective, E/E,_, = Etd”, and Qi has kernel Ei-, by (1.2)(3), it 
follows that or is surjective. Choose f, ,..., fd, in E such that @)V;),..., C?i(f+) 
are the standard basis (in order) of (J!?/E,-,)~ = Ebd”. By (1.3)(3) we have 
each f, in Ei, and by choice off, we have m,f, = a,., for all r, s. 
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The data obtained in the three lemmas above allow us to determine the 
structure of the endomorphism ring End,(E): 
THEOREM 1.5 (Endomorphism Structure Theorem). There is a C- 
algebra isomorphism F: C((t , ,..., t,)) -+ End,(E) which sends t, to Xp of 
(1.1). 
ProoJ An induction argument and (1.3)(3) shows that if TE End,(E), 
then T(E,) g Ei for all i. Since E is injective, Yi : End,(E) -+ Horn&E,, E) is 
surjective, and the preceding observation shows that the image of pi is 
End,(Ei). By (1.2)(2) we have End,(E) = Hom,(dir lim Ei, E) = proj lim 
Horn&E,, E). so the Yi induce an isomorphism ‘y: End,(E) + proj lim 
End,(Ei). 
Next we define F: iff E E and a E A = C((t ,,..., td)), then f E Ei for some 
i (1.2)(2) so a(X, ,..., X,)(f) makes sense: terms of a(X, ,..., X,) of degree 
exceeding i vanish on f by (1.2)(3). Thus F(a) = a(X, ,..., X,) is well-defined 
and is clearly an algebra homomorphism. It further follows from (1.2)(3) 
that YiF vanishes on all monomials of degree exceeding i. Let Ii be the ideal 
of A of all formal series whose lowest-degree homogeneous term has degree 
exceeding i. Then YiF vanishes on Ii, and A/1, has a basis given by the 
images of the monomials of degree i or less. Let a in A be in the linear span 
of these monomials and suppose YiF(a) = 0. Let m be a monomial 
appearing in a with non-zero coefficient and of minimal degree j. By (1.4), 
there isf E Ej such tht F(m)f = 1 and F(m’)f = 0 for every other monomial 
of degree j. By (1.2)(3), and minimality ofj, we then have 0 = !PiF(a) equal 
to the coefficient of m in a, contrary to choice of m. It follows that a = 0, so 
YiF induces an injection A/I, --t End,(Ei). By (1.3)(2), we have dim(A/E,) = 
dim(E,). Now End,(E,) = Hom,(Ei, E), and E is the G-module induced 
from the trivial C-module [5, Proposition 1.4, p. 31, so Hom,(Ei, E) = 
Homc(Ei, C) and dim(End,(E,)) = dim(E,). Thus YiF induces an 
isomorphism A/I, -+ End,(E,). Since A = proj lim(A/I,) and End,(E) = 
proj lim End,(E,), we see that YF, and hence F, is an isomorphism. 
The group G is embedded in End,(E) via the right translation action, and 
under this embedding the generators gp map to the endomorphisms 1+ X,,. 
As a consequence of (1.5), we then have G embedded in the multiplicative 
group of formal power series of constant erm 1. We record this corollary: 
THEOREM 1.6 (Embedding Theorem). Let G be the free prounipotent 
group on g, ,..., gd. Then there is an embedding B of G in the multiplicative 
group offormal power series, in the d non-commuting indeterminates t, ,..., t,, 
of constant term 1 which sends gp to 1 + t,. 
The analogue of (1.6) for discrete free groups is [S, Theorem 5.6, p. 3081. 
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We need to comment further on the range of 19 in (1.6). It will be 
convenient to fix some additional notation for future use. 
Notation 1.7. In Notation 1.1, J,+, = (fE Ejf(E,)=O}, and 1 +J; 
denotes the multiplicative subgroup of End,(E) consisting of all f such that 
f - 1 EJi. 
In the proof of (1.5) we actually identified Ji : it is the formal power series 
in X , ,..., X, whose lowest-degree homogeneous term has degree at least i. 
This means that iff, g E Ji, then fg E Ji+ , . It then follows that the function 
l +Ji+JJJi+, which sends f to (f - 1) + Ji+, in a surjective group 
homomorphism with kernel 1 + Ji + , . (Here, we regard JJJ, + , as a vector 
groups.) An easy induction now shows that (1 +J,)/(l + Ji+ ,) is a unipotent 
algebraic group of dimension d + d* + . . . + d’. Since n (i 1 i + Ji) = 1, we 
see that 1 + J, is prounipotent and it is clear that 0: G + 1 +J, is a 
morphism. Finally, let us note that 1 + Ji is Zariski-closed in 1 + J,. For use 
in Section 2 below, we record the following commutator formulae for the 
groups 1 + Ji : 
LEMMA 1.9. In Notation 1.7, let x E J, and y E J,. Then (1 + x, 
l+y)=1+zwherezEJ,+,andz~x~~-yx(modJ,+,+,). 
Proof This is an elementary computation; see [9, p. La. 4.111. 
Our proof of (1.6) via (1.5) also displays a functorial property: if u is an 
automorphism of G. o defines an automorphism (which we shall call a) of E 
which sends f to f . CJ. Then for g E G, a( gf) = o- ‘(g) o(f), and it follows 
that sending T to a-‘Tu defines an automorphism of End,(E), such that 
u- ‘X,u(f) = f . u(g;‘) -J There is thus an automorphism s of 
cc+ ,,..., id)) such that F(s(tp)) = u-‘XPu. Of course, s is also an 
automorphism of 1 + J,, and we have sf?(g,) = 8(u(g,)) for p = l,..., d. We 
have thus established the following corollary to (1.6). 
COROLLARY 1.10. If a is an automorphism of the free prounipotent 
group G on g,,.... g,. then there is an automorphism s of the algebra 
‘C((r, ,..., id):’ such that sQ(s) = ~(u(x)) for all x in G. where ~9 is as in (1.6). 
Note that (1.10) gives a generalization to prounipotent groups of 5 11 
of 111. 
2. THE LOWER CENTRAL SERIES 
In this section we calculate the lower central series of the free unipotent 
group G on d generators, in the following sense: we show that the associated 
graded Lie algebra of the filtration of G by the closed lower central series is 
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the free complex Lie algebra on d generators. Our method is to proceed, as 
in the discrete free group case, via the Embedding Theorem. This parallel 
approach allows us to keep track of the lower central series of the discrete 
free group F generated by the generators of G: we find that C’F = C’G n F 
and C’F is Zariski-dense in C’G. Once we have determined the closed lower 
central series of G, we use that determination to show that it agrees with the 
abstract central series of G. 
It follows from (1.9) that &‘(I + J,) contains C’G, where 8 is as in (1.6) 
and G is as in (1. l), so that C”‘G acts trivially on E, under the right 
action. We will show that G/C’+ ‘G acts faitfully on E,, so that 
19~‘( 1+ J,) = C’G. The following notation is adopted: 
Notation 2.1. In Notation 1.1, G(r) = G/C’+‘G, D, = x2, (-l)i-’ iXL 
for p = I...., d. L is the Lie subalgebra of End,(E) generated by D,,..., D, 
and L(r) = L/V’+‘L. 
We first show that L is a free C-Lie algebra on D, ,..., D,. 
LEMMA 2.2. In Notation 2.1: 
(1) The associative subalgebra of End,(E) generated by D, ,..., D, is a 
free associative algebra on D, ,..., D,. 
(2) L is the free C-Lie algebra on D, ,..., D,. 
ProoJ Let m = m(D, ,..., Dp) be a monomial in D, ,..., D, of degree i. It 
follows from (1.2)(3) that for f E Ei, mf = H&V,,..., X,)f: It follows then 
from (1.4) that the monomials of degree i in D, ,..., D, are linearly 
independent, and now (2.2)( 1) follows. Then (2.2)(2) follows from (2.2)( 1) 
by [4, Theorem 1, p. 1361. 
COROLLARY 2.3. In Notation 2.1, L(r) is isomorphic to Lie(G(r)). 
ProoJ: G(r) is an unipotent group, L(r) is a finite-dimensional Lie 
algebra, and the isomorphism follows from their respective universal 
properties. 
The isomorphism of (2.3) can be made explicit: each D, is a derivation of 
E satisfying D&x . f) = x . D,(f) f or x E G and f E E, and exp(D,) = 
1 + X, so exp(D,)(f) = f . gp ’ for f E E. We can identify C [G(r)] with the 
C”‘G-invariants of E, which we denote by E(r), and then L restricts to a 
Lie algebra 1 of derivtions of E(r) such that each D in L satisfies D(x * f) = 
x . D(f) for x E G(r) and f E E(r). It follows that 1 c Lie(G(r)), for 
example by [6, p. 651. (The reader is warned that we are using “left and 
right actions” in the opposite sense of that of [6].) Let DP = D, 1 E(r) and g,, 
be the image of gP in G(r). Then exp(fi&(f) = f . g; ’ for f E E(r), so since 
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8, ,..., gP generate G(r), 0, ,..., fiD generate Lie(G(r)). Thus 1 = Lie(G(r)), 
and L + 1 is onto with kernel Cr+ ‘L by (2.3). 
We can now see that E, is a faithful G(r) module, under the right action. 
LEMMA 2.4. In Notation 2.1. the restriction L -+ End,(E,) has kernel 
,(-‘+I _ L. 
Proof. Since Pr+ ‘L C_ Jr+, (Notation 1.7) and the restriction End,(E) --) 
End,(E,.) has kernel J,, ,, it will sufftce to show that J,, , n L 5 KIrt ‘L. 
Choose a Hall basis H for L containing D, ,..., D, [4, Definition 3, p. 1361, 
let U be the associative subalgebra of End,(E) generated by D, ,..., D, and 
let I be the ideal of U generated by D, ,..., D,. Since D, = 
X,(J?;?:, (--I)‘- ’ ix;-‘), the monomials in D, of degree i generate Ji as an 
ideal of End,(E), and it follows that Jin U = I’. Let If, = (x E H 1 
length(X) ,< r). and let Y = C a,X be a linear combination of elements of 
H,,. If YE J,, , n L, then YE I” ‘, so Y is a linear combination of 
associative monomials in D, ,..., D, of degree exceeding r + 1. But each X in 
H, is a combination of associative monomials in D,,..., D, of degree less 
than r. so by (2.2)(l) Y = 0 and hence each a, = 0. If Z E J,, , r\ L, Z = 
Y,, + Y,. where Y, is a linear combination of elements of H, and Y, is a 
linear combination of elements H, = H - H,. Since H, C_ C’+‘L C J,.+, , we 
have Y,EJ,+, n L so Y, = 0 by the above and Z = Y, E Fr+ ‘L. 
COROLLARY 2.5. In Notation 2.1, E, is afaithful G(r)-module, under the 
right action. 
Proof: Let p: G(r) -P End, (E,) be the corresponding representation. From 
(2.3) and the remarks following, we know that the differential of p dp: 
Lie(G(r)) --f Endz(E,) is given as follows: Lie(G(r)) = L(r) = L ) E, and for 
D E L, dp(D ( E,) = D ( E,. By (2.4). dp is an injection on L(r), so (2.5) is 
obtained. 
We have now identified the lower central series of G: 
PROPOSITION 2.6. In Notation 1.7, & ‘( 1 + J,) = C’G, where 0 is the 
embedding of (1.6). 
Prooj As previously noted, (1.9) implies that &‘( 1 + J,) contains C’G. 
Since the kernel of 1 + J, -+ End&-,) is 1 + J,. and E,-, is a faithful 
G(r - l)-module by (2.5), 0-‘(1 + J,) = C’G. 
We can now compute the associated grated Lie algebra (3, p. 1461 of the 
filtration (C’G/ and its relation to the associated graded Lie algebra of the 
discrete free group. 
THEOREM 2.7. Let G be the free prounipotent group with generators 
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g, ,..., g, and let F be the discrete subgroup of G generated by g, ,..., g,. 
Then: 
(1) CrG n F = C’F and G% is Zariski-dense in C’G for r = 1,2,... . 
(2) gr(G) = @ {C’G/C’+‘G / r> 1) is the free C-Lie algebra on 
( gpC2GIp = I,..., d). 
ProoJ In Notation 1.7, let 8: G -+ 1 + J, be the embedding of (1.6). By 
(1.9), (1 + J,} is a filtration of 1 + J, in the sense of [4, Definition 2, 
p. 145). For r > 1, let J’ be the span of the monomials of degree r. 
J’ + Jr/Jr + I is an isomorphism of vector spaces, and we saw in the remarks 
preceding (1.9) that 1 + J,/ 1 + J,, i + Jr/Jr+, induced from the map 
z+z- 1 is a group isomorphism. Thus, gr(l +J,)=@ (1 +J,/l +J,+,) is 
isomorphic as abelian group to @ (J’ 1 r > 1 } = I E J, . Now gr( 1 + Ji) is a 
Lie algebra [3, Proposition 1, p. 1451 and it follows from (1.9), gr(1 + J,) is 
isomorphic to I as Lie algebra, where for x, y E I we have [x, y] = XJ’ - y-x. 
In particular, we note that I is a complex Lie algebra, and the complex sub- 
Lie algebra generated by t,,..., t, is free. (Note also that ti is the image of 
(1 + t,)( 1 + Jz) in our identifications.) By (2.6), 6-‘( 1 + J,) = C’G, and by 
[4. Theorem 2, p. 1521, C’F = &‘((l +J,)n B(F)). We have, thus, Lie 
algebra injections gr(F) + gr(G) + gr( 1 + J,) = 1, where we use the filtrations 
(C’F} and {CC) on F and G, respectively. We have now seen that 
C’G n F = C’F, also. The map gr(G) + I is an injection of complex vector 
spaces, so that gr(G) is a complex Lie algebra. By [4, Theorem 3, p. 1521, 
gr(F) is a free H-Lie algebra, and C’F/C ‘+ ‘F is free abelian of rank Id(r) [9, 
Theorem 4.2, p. La. 4.41. Using Notation 2.10, we know from (2.3) that 
Lie(C’G/C” ‘G) = a’L/@” ‘L, which is of dimension I,(r) [ 9, 
Theorem 4.2, p. La. 4.41. Thus (C’F/C”” ‘F) Oz G = C’G/@‘+‘G, so 
gr(G) = gr(F) @ C is a free complex Lie algebra on ( g,C2G ] p = l,..., d}, so 
(2.7)(2) holds. To complete the proof, we need that C% is Zariski-dense in 
C’G. We proceed by induction, the case r = 1 being clear. Assume it holds 
for r - 1, and let H be the Zariski-closure of C’F in G. We know that 
H c C’G and that H is normal in G. Then F= C’-‘F/C’F is Zariski-dense 
in G = C+ ‘G/H, and F is abelian, so C is a complex vector space of 
dimension I< /Jr - 1). Since G maps surjectively to C’-‘G/C’G, we also 
know that Ia l,(r - 1). It follows that I = /Jr - 1) and that H = C’G so 
C’F is Zariski-dense in C’G. 
For use below, we note the following formula used in the proof of (2.7): 
COROLLARY 2.8. In Notation 1.1, C’G/C’+‘G has dimension f,(r) = 
r-’ C,“,r,u(m) dm’r [9, p. La. 4.41. 
We can regard (2.7) as yielding a description of the lower central series of 
G, in the sense of proalgebraic groups. We shall now see that this is actually 
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the same as the lower central series of G as an abstract group. The method, 
basically, is an elementary adaption of [3, Theorem 2.1, p. 221). We 
introduce some provisional notation for this abstract central series: 
Notation 2.9. In Notation 1.1, let G, = G and Gi+, = (G, Gi) for i > 1. 
We note that Gi s C’G and we have equality for i = 1. To apply the proof 
of [3, Theorem 2.1, p. 2211, we require the following consequence of (2.7). 
LEMMA 2.10. In Notation 1.1, if a E C&G for k > 2, there are 
u, ,..., ud E Ck-‘G such that a = (u,, g,) ... (ud, gd) (mod Ckt ‘G). 
Proof. By (2.7)(2), C&G/C ‘+ ‘G is the degree k homogeneous piece of 
the free C-Lie algebra on { g,C*G}, and it is immediate that every element of 
this piece has the desired form. 
THEOREM 2.11. In Notation 1.1, C’G = (G, (G, (..., G)) . ..) (i terms). 
Proof. Following [ 3. Theorem 2.1, p. 22 11, choose a E C’G. We will find 
elements I?(“’ in C”G such that a = (B”‘, g,) ..a (B’d’, gd). By (2.9), there 
are elements hip’ E C’-‘G such that a = n (biP’, g,) (mod Ci+‘G). Suppose 
we have found elements !I:~‘...., bp such that bjP,‘, E hip’ (mod C’+‘-‘G) for 
1 < I< k - 1, and a = JJ (by’, g,) (mod CitkG). Thus a = rI (by’, g,) s for 
s E C’+‘G. BY (2.9), 
i+km’G. 
s = (u,, g,) earn (up, g,) (mod Citkt’) with 
24, E c Set b)P:, =bJP)up, so by’, z~bjp’ (mod Ci+&-‘G). Then 
n (b:P:, , g,) = n (b:P)u,, g,) = n ((@J”, g,P (up. g,)) by [3, Lemma 2.3. 
p. 221). Since u,E Cifk-’ and (by’, g,) E C*G, we have (up, (by’, 8,)) E 
C ‘+&+‘G and (up, gp)E CitkG so modulo C i +‘+ ‘G the first commutator is 
trivial and the second central, and modulo Cit ‘+ ‘G we have n (bjp,‘, , g,) E 
(n (bp’, g,))(n (up, g,)) E n (by’, gP) s = a. Thus inductively we can find 
sequences of elements hip’ of CiP’G such that bp’, = b)“’ (mod Citk-‘G) 
and a = n (by’, g,) (mod C’+&G). Since C’-‘G = proj lim(C’-‘G/ 
Cickm’G), there are elements B’p’ of G such that B’p’ = b:p’ (mod C’+“-‘G) 
for all k. It then follows that (B’p’, g,) G (by’, g,) (mod C’+&G) so a = 
11 (II’“‘, gp). This proves that C’G c (G, C’-‘G), and hence that C’G = 
(G. C’-‘G). Since C’G = G,, induction shows that C’G = Gi. 
The universal property of free prounipotent groups now show that (2.10) 
applies to all finitely generated prounipotent groups. 
COROLLARY 2.12. Let H be a finitely generated prounipotent group. 
Then for i> 1, C’H = (H, (H, (..., H)) . ..) (i terms). 
Proof. Assume H is d generated and choose a surjective homomorphism 
f: G + H. Then f(C’G) = G’H, and f(Gi) = (H, (H, (..., H)), . ..) (i terms) so 
the result follows from (2.11). 
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3. AUTOMORPHISMS OF FREE PROUNIPOTENT GROUPS 
In this section we consider the group A = Aut(G) of automorphisms of the 
free prounipotent group G on d > 2 generators. A has a chain of normal 
subgroups {Ki 1 i = 1, 2,...} where Ki is the group of elements of A acting 
trivially on G/C”’ ’ G. Since G/C’G is a d-dimensional vector group, we have 
A/K, = GL,(iG). We show that K, is prounipotent, so K, is the prounipotent 
radical of A and A = K, . GL,(C) (semi-direct product). {Ki} is a central 
filtration of K,; we compute the quotients K,/K,+ , and their dimensions. 
From this we conclude that K, always contains outer automorphisms (even 
for d = 2). We also identify the associated graded Lie algebra @ (Ki/Ki+ , ] 
i > 1 }: it is isomorphic to the Lie algebra of derivations of the free C-Lie 
algebra L on d generators sending L to [L, L]. 
Notation 3.1. Let G denote the free prounipotent group on g, ,..., g, 
(1.1). Let Kj = Ker(Aut(G) + Aut(G/C’+ ‘G)) for i = 0, 1, 2,... . Thus K, = 
Aut(G) and if u E Ki for i > 1, then g;‘a(g,) E Cif ‘G. 
We recall (1.10) that if u E K, there is an algebra automorphism s of 
ic ((t, ,.... td)) such that sf?(x) = 19(0(x)) for all x in G. 8 being the embedding 
(1.6). * 
LEMMA 3.2. In Notation 3.1, let u E K, and let s be the associated 
automorphism of C((t,,..., td)). Then u E K, if and only if s(t,) - t, E Jr,, 
(1.7)forp= l,..., d. 
ProoJ Assume CJ E K, and let a, = g;‘o(g,) for p = l,..., d. Then 
O(a,) = (1 + t,)-’ s( 1 + t,,) is in 1 + Jr,, by (2.6); let O(a,) = 1 + b, with 
bJr+ 1. Then (1 + t,)( 1 + bp) = 1 + s(t,) so s(t,) - t, = (1 + tp) 6, E J,., , . If 
conversely s(t,) - t, = f, E Jr+, , then we let 8(g; ‘a(g,)) = 1 + c,, and then 
cp = (1 + t,)-‘f, E J,, , so g,‘u(g,) E C’+‘G by (2.6). 
If s is an algebra automorphism of C((f,,..., td)) with s(tP) - t, E J,, , for 
p = l,..., d, then if m is a monomial of degree i, s(m) = m(Jrti). Thus if 
1 + x E Ji, s( 1 + x) = (1 + x)( 1 + Jrti). Applying (2.6) we obtain the 
following corollary of (3.2): 
COROLLARY 3.3. In Notation 3.1, let u E K, and let a E C’G. Then 
a-la(a) E C’+‘G. 
LEMMA 3.4. In Notation 3.1, let u E K, and 5 E K,. Then (6, r) gp E gr 
(mod C”‘+’ G). In particular, we haue (K,, K,) c K,,, . 
ProoJ: Let g;‘u(g,) =a e C’+‘G and let g;‘r(g,) = b E C’+‘G. By 
(3.3), we know u(b) E b(Cr+‘+ ‘G) and s(a) E a(Crtst ‘G). Thus, 
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mod Crts+ ’ G, we have ar( g,) = a(g,b) = g,ab = g,ba = r(g,a) = ra( g,) 
(we used the fact that (a, b) E C’+“+ ‘). 
The groups ( Ki} form a central filtration of the group K, . We next look at 
the computation of the successive quotients Ki/Ki+, . It is clear from the 
definition of Ki that we have a function Ki+ (Ci+‘G)‘d’ which sends u to 
(g; Ia(g,). g; ‘u(gd)). This function is clearly injective. It is also 
surjective: 
LEMMA 3.5. In Notation 3.1, 
(1) Let a,,...,a,EC i+ ‘G. Then there is u E Ki such that 
g; ‘a( g,) = a, for p = l,.... d. 
(2) Aut(G) --) Aut(G/C” ‘G) is surjectitle for all i. 
ProoJ Since G is free on g, ,..., g,, for any d elements 6, ,..., 6, of G, 
there is an endomorphism r of G with r(g,) = 6,. By [7, Corollary 2.61, r is 
an isomorphism if and only if the induced endomorphism of G/C’G is an 
isomorphism. Assertion (2) is now clear. For (1), we note that if b, = gpa,, 
then r is the identity on G/C” ‘G, and thus an automorphism of G in Ji. 
The bijection Ki + (Ci+ ‘G)ld’ is not a group homomorphism, but induces 
a group homomorphism on successive quotients, from which we can 
calculate the dimensions of the groups K,/Ki. 
THEOREM 3.6. In Notation 3.1, the function ai: KJK,, , --) (Cit ‘G/ 
Ci+ZG)‘d’ given by Qi(uKi+ ,) = (g;%(g) Ci+*G,..., g,‘u(gd) C’+*G) 
is an isomorphism of groups for i > 1. 
Proof The bijection Ki - (Ci + ‘G)‘d) induces a surjection Ki + (Ci+ ‘G/ 
C’+ ‘Wd’. Let u. r E Ki with u(g,) = g,a, and r(g,) = gpbp. Then 
(us)(g,) = g,a,u(b,). Since r E Ki, 6, E C”‘G so u(b,) = bp(C2’+ ‘G) by 
(3.3). Hence, modulo C’+*G, we have g;‘(ur(gp)) E (g;‘u(g,))(g;‘(r(g,)) 
so our surjection is a homomorphism. The kernel consists of all u such that 
g; ‘u(g,) E Cit2G for all p. which is Ki+, . 
We note that (3.6) actually shows that K, is prounipotent: for it follows 
form (3.5)(2) that K, = proj lim K,/Ki and from (3.6) that K,/Ki is 
unipotent. It is further clear that each Ki is a Zariski-closed normal subgroup 
of K,. We will elucidate the structure of K, below ((3.18)). 
We now turn to the position of G inside K, as inner automorphisms. 
Notation 3.7. Let G be as in (1.1) and K, as in (3.1). Let in: G-t K, be 
given by in(x)(y) = XJJX ‘. The image in(G) is the inner automorphism 
group of G. and elements of K, not in in(G) are outer automorphisms. 
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LEMMA 3.8. In Notation 3.1, in: G + K, is injective, and in- ‘(K,) = C’G 
for i> 1. 
Proof. By 17, Corollary 3.71, G has no center so in is injective. Next, we 
use the fact that the Lie algebra of the center of G/Ci+‘G is the center of 
Lie(G/C’+ ‘G). By (2.3), this latter is L/gr+‘L, where L is a free Lie 
algebra. By [4, Example 3, p. 1861, the center of L/Y”+ ‘L is qrL/Frt’L, 
and it follows that the center of G/C+ ‘G is C’G/C’+ ‘G. If x E C’G, we 
conclude that in(x) E Ki, while if x E G and in(x) E Ki, then xC’+‘G is 
central in G/C’+ ‘G, so x belongs to C’G, and it follows that in- ‘(K,) = C’G. 
By combining (3.6) and (3.8) and the dimension formula for CrG/Cr”G 
(2.8) we can establish the existence of outer automorphisms: 
THEOREM 3.9. Let G be a free prounipotent group on d > 1 generators. 
Then G has outer automorphisms which are trivial on G/C’G. 
ProoJ We need to see, in Notations 3.1 and 3.6, that K, # in(G). 
Assume the contrary. By (3.8), we would have KJK, isomorphic to 
C’G/C*G, and hence by (2.8) of dimension Id(l) = d, but by (3.6), K,/K, is 
isomorphic (C2G/C3G)‘d’ so has dimension d/,(2). Thus j,(2) = 1 which 
forces d = 2. Hence for d > 2, we have a contradiction. For d = 2, (3.7) 
implies that KJK, would be isomorphic to C2G/C3G, hence by (2.8) of 
dimension l,(2) = 1, while (3.6) shows that K2/K3 is isomorphic to 
(C3G/CJG)“’ and so has dimension 21z(3) = 4, which is again a con- 
tradiction. 
The case d = 2 of (3.9) deserves special notice: we recall Nielsen’s 
theorem that the discrete free group on two generators has no outer 
automorphisms which are the identity modulo the commutator subgroup. In 
this case (d = 2), let F be the discrete subgroup of G generated by {g,, g,}. 
Then from (2.7)(l), we have C’F = C’G n F. We have Aut(F) c Aut(G) in 
the obvious way, and by Nielsen’s theorem we conclude 
Aut(F) n K, = in(F). Since in(G) is a proper subgroup of K,, we have that 
Aut(F) n K, is not Zariski-dense in K,. 
For d arbitrary, we let F still denote the discrete subgroup of G generated 
by {g, ,..., gd}. Since n C’G = (e), for example by (2.6), we know from [7, 
(IS)] that G = proj lim(G/C’G}, so by (2.7), G also contains F= 
proj lim(F/C’F}. It will follow from (3.11) and [l, Theorem 2.3, p. 2421 
that Aut(G) contains Aut(Fj = proj lim Aut(F/C’F), and we will show that 
Aut(F) n Kj is Zariski-dense in Ki. 
Notation 3.10. Let G denote the free prounipotent group on g, ,..., g,, let 
F be the discrete subgroup of G generated by {g, ,..., gd}, let G(r) = G/C’+ ‘G 
and let F(r) = F/C’+’ F. (By (2.7)(l), F(r) is the subgroup of G(r) generated 
by the images g’,..., gd of the g,‘s.) Let K,,(r) = Aut(G(r)) and let K,(r) = 
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Ker(K,(r) -+ Aut(G(r)/C’+‘G(r)). (For i 6 r, G(r)/C’+‘G(r) = G(i) and 
using (3.4)(2) we have in Notation 3.1 that K,(r) = K,/K,.) Let L,,(r) = 
Aut(F(r)) and Li(r) = Ker(L,(r) + Aut(F(r)/C’+ ‘F(r)). (For i < r, 
F(r)/C’+‘F(r) = F(i), so Li(r) = Ker(L,(r) -+ L,,(i).) Let Li = proj lim(L,(r) ] 
r > i). (It follows from [ 1, Theorem 2.31 that L, is a group of 
automorphisms of F and that Li is the group denoted by the same symbol in 
[ 1. p. 2421). 
Our notation is chosen to conform to [ 11. We caution the reader that Li is 
not a Lie algebra. 
LEMMA 3.11. In Notations 3.1 and 3.10, let pr: K, + K,(r) and p:: 
K,(s) -+ K,(r) (s >, r) be the projections. Then the maps p, induce an 
isomorphism p: K, + proj lim ((K,(r), pf) ( r > I}. Moreover: 
( 1) P(Ki) = pro-i lim { (Ki(r), P:) I r > iI. 
(2) There are injections L,,(r) + K,,(r) for each r which induce an 
injection L, -+ K,, and Ki f~ L, = Li. 
Proof Let i‘ = (K, 1 r > 1 }. Then K, = Ker(p,) and n (H 1 HE S } = e. 
It follows from [7, (1.5)] that K, = proj lim(K,/H ] HE ,9}. A similar 
argument proves (1): we replace .i by (K, ] r > i) and use the fact that for 
i < r, p,.(K,) = K,/K, = K,(r). Let 5 be an endomorphism of F(r), and let u be 
an endomorphism of F inducing 6. Then u extends to an endomorphism s of 
G, and the induced endomorphism S of G(r) extends 5. If u is an 
automorphism, S is onto since F(r) is Zariski-dense in G(r), hence S is an 
automorphism. Then density of F(r) in G(r) guarantees the uniqueness of S; 
given 5. Thus we have an injection L,(r) --) K,,(r). The definition of L, and 
the identification of K, as an inverse limit shows that the induced injection 
on inverse limits embeds L, in K,. Since C’+‘Gn F = C’+‘F (2.7)( 1), we 
have KinL,=Li. 
Now we establish our density result: 
THEOREM 3.12. In Notations 3.1 and 3.10, Li is Zariski-dense in Ki for 
i > 1. Moreover, L JLi + , is a discrete free abelian group with L i/Li + , 0 C = 
KiIKi + I* 
Proof. For r > i, it follows from [ 1, p. 2421 that LJL, = L,(r). We first 
show that L,(i + 1) is Zariski-dense in K,(i + 1) (they are embedded by 
(3.1 l)(2). The function Qi: Ki/Ki+, + (Cif’G/Ci+ZG)(d’ of (3.6) is an 
isomorphism of complex vector spaces and Qi(Li/Li+ ,) = (Cif’F/CiCZF)‘d’ 
by [ 1, p. 2461. It follows from (2.7) that ai(Li/Li+,) is Zariski-dense in 
ai(Ki/Ki+ ,) and that Qi(Li/Li+ ,) @ C = Qi(Ki/Ki+ ,). Thus Li(i + 1) is 
Zariski-dense in Ki(i + 1). For r > i, the exact sequence 1 + K,- ,(r) + 
K,(r)+ Ki(r - 1)-t 1, 1 + L,+,(r)-+ L,(r)-+ Li(r - l)+ 1 and induction on 
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r show that Li(r) is Zariski-dense in Ki(r). Let Ki be the Zariski-closure of 
Li in Ki. Then, in the notation of (3.1 l), we have p,.(Ki) = K,(r) for r > i; 
since Ki = proj lim{Ki(r) ] r > i) by (3.1 l)(l), we conclude that Ki = Ki. 
The maps Qi of (3.6) induce a vector space isomorphism @: @,,{Ki/Ki+ , 1 
i > 1) [P”(gr(G))] . M) Now (K.} is a central filtration of K,, so the domain 
of @ is a Lie algebra, but @ is not a Lie algebra isomorphism. Our next task 
will be to identify the Lie algebra @ Ki/Ki+ , . 
DEFINITION 3.13. Let L be a Lie algebra Der,(L) = {D E Der(L) ] 
D(L)c’Pi+‘L} for i>O. 
We note the following properties of (3.13), whose elementary proofs are 
omitted: 
LEMMA 3.14. Let L be a Lie algebra. 
( 1) If D E Der,(L), D(5FpL) c FpfiL. 
(2) [Der,(L), Derj(L)] c Deri+i(L). 
(3) {DeriW) I i > 01 is a descending chain of ideals of Der,(L) = 
Der(L). 
Now gr(G) is, by (2.7), the free Lie algebra on {g, = g,C’G}. By [4, 
Corollary, p. 1301 we have an isomorphism of vector spaces Der,(gr(G)) + 
[Vi”(gr(G))](d’ which sends the derivation D to the d-tuple whose pth entry 
is D(g,). Thus we obtain, via the map @ defined after (3.12), a vector space 
isomorphism @ K,/K, + 1 -+ Der,(gr(G)) which sends oKi+, to D, where 
D,(g,) = g; ‘o(g,) C’+*G. We want to prove that u + D, is a Lie algebra 
isomorphism. For the purposes of that proof, we give the following notation: 
Notation 3.15. In Notation 3.10, let .% = gr(G) and F(r) = gr(G(r)). Let 
K=@(Ki/Ki+,lial) and K(r)=@(K,(r)/K,+,(r)Il<i<r-l}. We 
use xp to denote gpC2G in .V and -Up to denote g,C’G(r) in P(r). 
By (2.3) and (2.7) we have an isomorphism Y(r)+ Lie(G(r)) such that 
the exponential of the image of -fp is &,. Let E: S’(r)+ G(r) be the 
composition of this isomorphism with the exponential map. Since G(r) is 
unipotent. we can identify Aut(G(r)) with Aut(Lie(G(r)) = Aut(Y(r)), and 
the latter has Lie algebra Der(.F(r)). Thus Der(F(r)) is isomorphic to 
Lie(K,(r)); let Ex: Der(.$ (r)) + K,(r) be the composite of this isomorphism 
with the exponential map for K,(r). We claim for i> 1, Ex(Deri(,Y’(r)) = 
K,(r): for if D E Der(.Y(r)), and X E F(r), we have Ex(D)(E(X)) = E(e”X). 
Suppose D E Deri(.% (r)), i > 1. We need to prove that Ex(D)(g,) = g, 
(mod C’+ ‘G(r)). Now gp = I?@,), and eDYp = Xp + h where h E cG”‘.!F(r). E 
commutes with the projections Z(r) + 5??(i) and G(r)-+ G(i), so we have 
E(Yp + h) = E(Yp) (mod Cit ‘G(r)). so obtain the desired congruence on 
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Ex(D). This proves that the analytic subgroup Ki(r) of K,(r) with Lie 
algebra Der,(.$‘(r)) is contained in K;(r). On the other hand, it follows from 
the isomorphism (of vector spaces) Deri(.F(r)) + [V’+‘.? (r)]‘“’ and (3.6) 
that K,(r) and K,(r) have the same dimensions, so they are equal. Now since 
K,(r) is unipotent for i > 1, we have Ex(Der,(.f (r)) = KJr). In particular, we 
conclude: 
LEMMA 3.16. In Notation 3.15 for i > 1. there is an isomorphism 
Der,(.t (r)) + Lie(K,(r)) whose composition with the exponential map gives 
the analytic bijection Ex: Der,(.‘$ (r)) -+ K,(r). 
We use (3.16) to identify Der,(% (r)) with Lie(K,(r)). Now the unipotent 
group K,(r) has (K,(r)} as a central filtration, and the associated graded 
vector space is a Lie algebra. We want to relate this Lie algebra to 
Lie(K,(r)) = Der,(.y (r)). 
LEMMA 3.17. Let H be a unipotent group with Lie algebra L. Let (Hi) 
be a centralfiltration of H, = H by unipotent subgroups and let Li = Lie(Hi). 
Then (Li} is a filtration of L, = L and exp: L -+ H induces a Lie algebra 
isomorphism Exp = gr(exp): gr(L) -+ gr(Hj of associated graded Lie 
algebras, where Exp(X + Li + , ) = exp(X) Hi + , for X E Li . 
ProoJ It is clear that Exp is an isomorphism of complex vector spaces. 
We need to see that it is a Lie algebra isomorphism. Let x = X + Lj+ , and 
J’= YfL,,, be elements of Li/Li+, and L,jLj+ ,. Then [x, JJ] = 
IX, Y] + Li+i+, in gr(L), and Exp[x, J] = exp(X, Y] Hi+j+, in gr(H). So we 
need to show that exp[X, Y] = (exp X, exp Y) (mod Hi+j+ ,). We can assume, 
by passing to quotient, that Hiij+ , = 1 and Li+j+, =O, so that Licj (and 
hence [X, Y]) is central in L. Then (expX, exp Y) = ((expX)-‘, (exp Y))‘) 
= exp(X) exp( Y) exp(X)- ’ exp( Y) -’ = exp(Ad(exp X)(Y)) exp( I’-’ = exp 
(exp(ad X) Yj exp(Y)-‘. Since [X, Y] is central, exp(ad X) Y = Y + [X, Y], 
and Y commutes with [X, Y]. So exp(exp(ad X) Y) = exp(X, Y] exp Y and 
(exp X, exp Y) = exp[X, Y). 
We apply (3.17) to K,(r) and the filtration (K,(v)}. Taking (3.16) into 
account, we have a Lie algebra isomorphism gr(Der,(..F (r))) + gr(K,(r)) 
which sends D + Der,, ,(.F’(r)) to Ex(D) K,+,(r) for DE Deri((r)). Now 
Der,(.% (r)) is graded: let Der’(.+ (r)) = (D E Der,(.% (r)) / D(ZD) E C’+ ‘G(r)/ 
C’+‘G(r) for 1 <p < d}. It is clear that Der, = @{Der’( i > 1) and since .% 
is free we also conclude [Der’, Derj] 5 Deri+j. Thus we have a Lie algebra 
isomorphism Der,(,%‘(r)) + gr(Der,(.%~(r))) which sends D in Der’ to 
D + Der,+,. 
Composing the above isomorphisms, we find a Lie algebra isomorphism 
Der,(.Z (r)) + gr(K,(r)) which sends D in Der’(.F(r)) to Ex(D) Ki+ ,(r). We 
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recall that we also have a linear isomorphism gr(K,(r)) -+ Der,(Y(r)) which 
sends aKi + , , for u E Ki, to the derivation sending & to &‘a(&) C”‘G(r). 
We claim that the composite of these two maps is the identity: for let 
D E Der’(Y(r)). We must show that D(5) = g; ’ Ex(D) & 
(mod C’+‘G(r)). We can pass to G(i+ 1) (so that Ci+2G(i+ l)= e). Then 
Ex(D)(g,) = Ex(D)(E(,Y~)) = E(eDY,J. Now D(Y& E git ‘.‘F(i + 1) so D(Y,,) 
is central and D’(Xp) = 0. Thus eD.Y, =Xp + D(Yp), and 5 and D(fp) 
commute so E(,Yp + D&J) = E(q) E(D(x,)) = &E(D(x,)). Thus 
g, ’ Ex(D) s, = E(D(.fJ). Now B c i + ‘.F(i + 1) = C’+ ‘G(i + 1) and, under our 
isomorphism .a (i + 1) + Lie(G(i + 1)), E becomes the identity on 
V’+‘.b (i + I), so E(D(.f,)) = D(.U,). This means that our composite is the 
identity on Der’(.? (r)), and hence is the identity on Der,(.$ (r)). 
In particular, we have prove that gr(K,(r)) -+ Der,(.F(r)) is a Lie algebra 
isomorphism. 
We can now identify the Lie algebra gr(K,). 
THEOREM 3.18. In Notation 3.1, let @: @ {KJK,+, 1 i > 1 } + 
Der,(gr(G)) be given by @(aKi+ ,)(g,C’G) = g;‘a(g,) CitZG. Then @ is a 
Lie algebra isomorphism. 
Proof: Der,(gr(G)) = I@” gr(G)]‘d’ = @((Ci”G/Cit2G)‘d’ ] i> 1) and 
so by (3.6) @ is a vector space isomorphism. As noted above, for each r, 
gr(K,(r)) + Der,($(r)) is a Lie algebra isomorphism, and passing to the 
projective limit gives a Lie algebra isomorphism 4: Proj lim{gr(K,(r)} + 
proj lim{Der,(.Z(r)}. Now gr(K!) embeds in the domain of 4, Der,(gr(G)) 
embeds in the range of 6 and @ restricts to @ on gr(K,), so @ is also a Lie 
algebra isomorphism. 
4. SOME ABSTRACT SUBGROUPS OF FREE PROUNIPOTENT GROUPS 
In this section we consider some abstract subgroups of the free 
prounipotent group G on generators g, ,..,, g,. We first show that the one 
parameter subgroups through the generators generate a group isomorphic to 
a free product of d copies of Cc. This implies that G contains Zariski-dense 
subgroups isomorphic to d-fold free products of large abelian groups. The d- 
fold free product, P(L), of d copies of the additive group of any subfield of C 
is also embedded in G. We find that P(L)/C”P(L) is torsion free, but in 
general VP(L) # P(L) n C”G, although equality occurs when L = Q. 
We further see that two generator subgroups of G are abelian or free, and 
that a Zariski-dense subgroup r with T/C*f d-generated is d-para free. For 
such a lY any homomorphism from r to a prounipotent group extends 
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uniquely to G. When d = 2, we exhibit a Zariski-dense free subgroup of rank 
three contained in no rank 2 free subgroup. 
If H is a prounipotent group and h an element of H, then there is a unique 
homomorphism f: G, + H with f( 1) = h [7, Lemma 3.41. We identify G, 
with C as additive groups and if a E C we write h” forf(a). It is then clear 
that h”h* = ha+b, (h”)b = hab, and h” is the usual power for a E E. If H = G 
is the free prounipotent group of (1. I), and 8 is the embedding of (1.6), then 
if 8(h)= 1 +A B(h”)- (1 +f)” =C (4)f’ where (T)= (i!)-‘(a(a- l)... 
(a - i + 1)). In this case, we will be interested in the abstract subgroup of G 
generated by all powers of the generators gp of G: 
PROPOSITION 4.1. Let G be the free prounipotent group on g, ,..., g,, let 
L be a subring of C and let P(L) be the abstract subgroup of G generated by 
(g; 1 a E L, 1 ,< p < d}. Then P(L) is a d-fold free product of copies bf the 
additive group of L. 
Proof. We have an obvious surjection of the free product to P(L). 
Suppose a, ,.,., a, E L - {O), 2 I,..., z, are in (g,} with zi+, # zi for all i, and 
01 . . . ZI zips = e. We apply the embedding 8 of (1.6) to the product: let O(zi) = 
1 + xi, where xi E (t, ,..., t,}. By the above remarks, we have 
n (1 + .xi)‘i = 1. The coefficient of x, ... x, on the left-hand side is a, ... a,, 
which is not zero, and hence there is no such product. It follows that the 
surjection from the free product to P(L) is an isomorphism. 
We observe that P(F) is Zariski-dense in G. We thus obtain some large 
subgroups of G: 
COROLLARY 4.2. Let (Ai 1 i < i < d} be a set of non-trivial torsion-free 
abelian groups of rank at most the cardinality of 6, and let A = A, * “* * A,. 
Then .4 can be embedded as a Zariski-dense subgroup of the free 
prounipotent group on d generators. 
ProoJ Embed A in P(iE ) by (4.1). 
Let G be as in (1.1) and G(r) = G/C”’ ‘G as in (2.1). By [6, Proposition, 
p. 551, the natural map P(C)- G(r) is surjective, and its kernel contains 
C” ‘P(C). We now see that this containment is in general proper. 
EXAMPLE 4.3. In Notations 1.1 and 2.1, assume d = 2 and r = 2. Let 
P = P(C). Then C3G f? P properly contains C3P: for we may identify G(r) 
with the matrix group 
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Let #: CC + Q be a rational linear function with 4(l) = 1. Then 4;: C + U by 
4, (a) = M@(a), 0,O) and d,(b) = M(0, 4, (b), 0) are group homomorphisms, 
which induces a homomorphism 4, * & from C * C = P to U. If 
C3G n P = C3P, then @, * d, induces a group homomorphism 0: U+ U (the 
domain U is P/C"Gn P= G(2)). with @(M(a, 0,O)) =@,(a) and 
@(M(O, b, 0)) = 4,(b). Since (M(x, 0, 0), M(0, -1,O)) = M(0, 0, x), we have 
@(M(O, 0, x)) = (@,(a), $*(a)) = M(0, 0,4(x)), and since M(a, b, c) = 
M(a, O,O,) M(a, ho) M(O, 0,~) we have @(M(a, b, x)) = M@(u), 4(b), @(xl). 
Now (M(0. 6, 0), M(u. 0.0)) = M(u, 6, ub). so it follows that 
WW, 6, ab)) = M(@@), Q(b), 4(a) 4(b)) and @(M(u, b, ub)) = 
M($(u). 4(b). ti(ub)) so $(ub) = d(u) q(b). Of course, there is no such 
functional e. 
Even though, as (4.3) shows, we have P(@)/C'+'P(C) # G/C"+'G, we can 
still say something about the first quotient. 
LEMMA 4.4. Let L be a field of characteristic zero and let P be the d- 
fold free product of copies of the additive group of L. Then gr(P) is a 
rational vector space. In particular, P/C’P is a tohion free nilpotent group. 
Proof: Let a E S be non-zero and let s be the automorphism of P which 
is multiplication by a on each factor of L in the product P. Then s, induces 
an automorphism t, of gr(P). Now gr(P) is generated by P/C”P as a Lie 
algebra over L, and on PIC'P = F x ... x F, t, is just multiplication by a. 
Thus on C'P/C'+ P, t, is multiplication by a”. This is an automorphism, so 
C'P/C'+'P is a’torsion-free divisible, and it follows that gr(P) is a rational 
vector space. 
By (4.4). gr(P) is a rational Lie algebra. But it is not, in general, an L 
algebra: if it were, in the case L = C, then f: gr(P(C)) + gr(G) would be a 
homomorphism of (K-Lie algebras (notation as in (4.1)). Since 
P(~iZ))IC'P(C) = G/C’G, f would be surjective, and since gr(G) is free by 
(2.7), it would be an isomorphism. This implies that C’G f? P(C) = C'P(G) 
for all r, contrary to (4.3). 
We can say something if L = Q: 
PROPOSITION 4.5. In Notation 1.1 and 4.1, C’Gn P(Q) = C"P(Q) for 
all r. 
Proof: Consider the inclusions F = P(Z) c P = P(Q) c G. These induce 
maps gr(F) + gr(P) -+ gr(G), and by (4.4) these induce maps gr(F) @ Q+ 
gr(P)-, gr(G) of IQ-Lie algebras. The first of these is surjective since 
F/C’F@ 10 = P/C’P and the composite is injective by (2.7), so 
gr(P) --) gr(G) is injective, and the result follows. 
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It follows from (4.5) that when I!. = 10, the torsion free nilpotent group 
P/CrP of (4.4) has a faithful unipotent representation. We do not know if 
this is true for any other subfields of C. 
We turn to finitely generated abstract sugroups of the free prounipotent 
group G. If r is such a subgroup, its Zariski-closure is again a free unipotent 
group by [7, Corollary 2. lo], so we may assume r is Zariski-dense in G. We 
begin this study in the case I- is two-generated. 
LEMMA 4.6. Let G be as in (1.1) and let r be Zariski-dense abstract 
subgroup of G. Then r contains elements x,, 1 < p < d, such that G is free 
pro&potent on (x, 1 1 < p < d}. In particular, r contains a free subgroup of 
rank d tchich is Zariski-dense in G. 
Proof: The image of r is Zariski-dense in G/C’G, hence spans this 
complex vector space over C. Choose X, ,..., xd in r such that (x,C’G} is a 
basis of G/C’G. There is an automorphism s of G with s(g,) = xg 1 < p < d, 
so (x,} generates a free subgroup F of G, and Z is Zariski-dense in G. 
COROLLARY 4.7. Let r be a two-generated subgroup of a free 
prounipotent group G. Then either 
(1) r is abelian and there is z E G and a, b E C with r generated by 
za, zh, or 
(2) r is free. 
Proof. We may assume r is Zariski-dense in G and hence G is two- 
generated. If r is abelian, so is G so G = C and (1) follows. If r is not 
abelian, and r is generated by x and y, then their images are a basis of 
G/C’G so as above X, y generate a free subgroup of G. 
Next, we identify certain parafree subgroups of G. 
A group r is d-parafree if it contains a free subgroup F on d generators 
with gr(F) = gr(T). (See [2. 31.) 
PROPOSITION 4.8. Let G be free prounipotent on d generators and let r 
be a Zariski-dense subgroup of G. Then r is d-parafree if and only if T/C’r 
is d-generated. 
Proof Assume T/C’T is d-generated. Then the image Tof r in G/C’G is 
free abelian of rank at most d, and spans over C. so ris free abelian of rank 
d and a quotient of TfC’T. We can choose elements x, ,..., xd in r such that 
]s,C2T) is an Z-basis of I’/C’T and (x,C’G) is a C-basis G/C’G. Let F be 
the subgroup of r generated by Ix,}. F is free, and G is free prounipotent on 
x,,. gr(F) --t gr(r) is then onto (since F/C2F + T/C’T is an isomorphism), 
and the composite gr(F)+ gr(r)+ gr(G) is injective by (2.7), so 
gr(F) + gr(r) is an isomorphism. 
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If r is d-parafree we can always find a free subgroup F of r with 
gr(F) + gr(T) an isomorphism. Suppose r is a Zariski-dense subgroup of the 
free prounipotent group G, so that G is free on the generators of F. Let f: 
f + U be any homomorphism from r to a unipotent group 15’. Since C”U = e 
for some n, f factors through T/C”T= F/C”F. Since f restricted to F has a 
unique extension to G, it follows that f extends uniquely to G. If the 
prounipotent group H is the inverse limit of unipotent groups ( Ui ] i E I}, we 
have Hom(T, H) = proj lim Hom(T, Vi) = proj lim Hom(G, Ui) = Hom(G, H) 
(the first two “horn’s” are in the abstract sense and the latter in the unipotent 
sense). We have established: 
PROPOSITION 4.9. Let G be free prounipotent on d generators and let r 
be a Zariski-dense d-parafree subgroup of G. Then any homomorphism from 
r to a prounipotent group extends uniquely to a homomorphism with 
domain G. 
Because of (4.9), we can regard G as being the most general prounipotent 
closure of the group r. As we noted prior to (3.10), G contains F= 
proj lim{ F/C’F}, so by [3, Theorem 4.1, p. 23 I], G contains every parafree 
r with gr(F) = gr(T). Not all these are free (even if finitely generated) [2, 
Theorem 1. p. 2101, so we see that the prounipotent closure of r can be free 
prounipotent without f being free. 
If G is free prounipotent on g, ,..., g, and F is the free subgroup generated 
by (g,}, any subgroup r of G of finite index is Zariski-dense in G, and free 
of finite rank. Thus G contains Zariski-dense free subgroups of arbitrary 
large rank, but which are subgroup of rank d free groups. The following 
example shows that there are also Zariski-dense free subgroups contained in 
no rank d free subgroup. 
EXAMPLE 4.10. Let G be free prouipotent on two generators g, h, and let 
a E NC be a root of no non-zero degree two rational polynomial. Then the 
subgroup r of G generated by g, h, (gh)” is free of rank three, Zariski-dense 
in G, and contained in no rank two free subgroup of G. For let z = (gh)“, 
and let ai, bi, ci, 1 ,< i < n, be integers such that u = n gaihbizc’ = e. Let 8: 
G + C&K, y)) be an embedding as in (1.6) such that B(g) = 1 + x and 8(h) = 
1 + j’. Then B(U) = n (1 + x)‘~ (1 + Y)‘~ (( 1 + x)( 1 + 4’))“” and e(u) = 1. 
The coefficient of XJJ in this product is C aibj + C ai(acj) + c aci + 
x ( “ii ) = ra2 + SGI + t where r = i 2 cf and s, t E Q. Since I, s, t are 
rational, and ra’ + sa + t = 0, our assumption on (II implies that r = 0. Thus 
sci’=o so c, cl--= . . . = c,, = 0. Thus u contains no factors of z, and since 
g, h generate a free group we conclude that r is free. The image of I- in 
G/C”G is free abelian of rank three, and it follows that r is not contained in 
any rank two free subgroup of G. 
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5. THE MALCEV EMBEDDING 
Malcev [ 121, using the theory of real nilpotent Lie groups and nil-. 
manifold, discovered that finitely-generated torsion free nilpotent discrete 
groups have, faithful representations in (real) unipotent groups. This “Malcev 
embedding” has been given various proofs: by Jennings [ 111 using group 
algebras (an exposition is given in [ 10, Chap. 41) and by Wartield [ 151, 
following Quillen [ 131, using primitive elements for complete group 
algebras. Another version, using real algebraic groups is given by 
Ragunathan [ 14, Theorem 2.18, p. 401. 
This embedding is also a consequence of our work here on the associated 
graded Lie algebra of a free prounipotent group, as we show in this section. 
In keeping with the expository character of this section, we present a self- 
contained proof, but we have not included the collateral parts of discrete 
group theory (as available, for example, in [lo]) even though they also 
follow from our methods, as the interested reader can easily establish. 
It is also an easy consequence of the Malcev embedding to see that 
discrete groups which are residually finitely generated torsion free nilpotent 
are embeddable in prounipotent groups. We have not dealt with that obser- 
vation and its consequences here. However, we feel that prounipotent group 
theory is useful in the study of such groups, especially for the parafree 
groups, which embed in free unipotent groups, and we intend to return to this 
theory in a subsequent paper. 
We begin by establishing some notation to be used throughout this 
section. 
Notation 5.1. G is the free unipotent group on g,,..., g,. G(Q) is the 
subgroup of G generated by {g,” (a E I&, 1 < p<d} and G(I) is the 
subgroup of G generated by ( gp / 1 < p < d}. (These subgroups are the 
groups denoted P(l0) and P(Z) in (4.1).) We fix r and let U = G/C”’ ‘G. 
U(lri) = G(lD)/C”+‘G(la) and U(Z) = G(Z)/C”‘G(Z). (By (4.5) and (2.7), 
I/@!) and U(T) are subgroups of U.) Let E, be as in (1.1) and let A = 
End,(E,). As a NC-algebra. A = !C(D,...., Dd)/Jr+’ where D, is as in (2.1) 
and J is the ideal generated by ( Dp}. We let h, be the image of gp in (I and 
E, the image of D, in A. Then I = J/J r+ ’ is the ideal of A generated by (E, }. 
By (2.5) we have an embedding CJ + 1 + I. Then the complex Lie algebra 
L g I generated by (E,) is isomorphic to Lie(U) via the embedding, and we 
let L@) be the (B-Lie algebra generated by (E,}. (It follows from (4.5) that 
L = L@) a,5 (C..) We let exp: I+ 1 + I and log: 1 + I -+ I be exp(1) = 
C (k!)-’ ah and log(1 + a) = 27 (-l)“.“ k-‘ah, so E, = log(h,). Since 
U&,4, (2.5), we have that exp ( U = exp,., and log = exp,’ so exp(E,) = h,. 
I has as basis the monomials in (E,} of degree at most r. Let I(Q) be the Q 
span of this basis. 
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We also require the following terminology: 
DEFINITION 5.2. A discrete group r is uniquefy divisible if given g E f 
and n # 0 in L there is a unique h in r with h” = g. 
We will require the following properties of uniquely divisible groups 
whose elementary proofs we omit: 
LEMMA 5.3. Let 1 -+ K + L + M + 1 be an exact sequence of discrete 
groups. 
(1) If K is central in L and K and M are unique& divisible. then so 
is L. 
(2) If L is uniquely divisible and M is torsion-free, then K is uniquely 
divisible. 
We use (5.3)( 1) to see that U(Q) is uniquely divisible. We need a remark 
about the lower central series of U(lQ), which we record in some generality 
for future reference. 
PROPOSITION 5.4. In Notation 5.1 for 1 < s < r + 1, 
(1) csu(Q) = (CSU) n U@), 
(2) cju(z) = (VU) n U(I). 
(3) CsU(Q)/Cs+ ‘U(O) = CSG(Q)/CS+ ‘G(Q), 
(4) CcU(S)/CS+‘U(Z) = C”G(L)/C”+‘G(Z). 
ProoJ (1) and (3) follow from (4.5) and (2) and (4) from (2.7). 
COROLLARY 5.5. U(Q) is uniquely divisible. 
ProoJ We prove that C’U(lQ) is uniquely divisible by descending 
induction on s, the case s = r + 1 being clear. We have an exact sequence 
1 + CS+ ‘U@!) + C’U(Q) + CsU(Q)/Cr+ ‘U(a) + 1 and then (5.4.3), (4.4), 
and (5.3)(l) give the result. 
We also need to note how U(L) sits in U(Q): 
PROPOSITION 5.6. In Notation 5.1, let y E U(Q). Then there is n # 0 in 
_” with y” E U(Z). 
ProojI We use induction on r, and use the overbar to denote the 
homomorphism U + U/C’U. By induction, p = X for some x E U(Z) and 
d # 0 in Z, so yd =xu where u E CU(Q), which is central in U(Q). It 
follows from (4.4) and (5.4) that the rational vector space CrU(Q) equals 
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CU(z) @I G, so there is s # 0 in L with us E C’U(H). Thus, yds = 
u5xs E U(2). 
We also need to detect the position of L(Q) inside L. 
LEMMA 5.7. In Notation 5.1, WL(‘Q) = (G’L) n Z(ol)for 1 < s < r + 1. 
Proof. Since L(Q) and L are truncations of free Lie algebras, it follows 
from [ 9. Example 2, L. 4.181 that it suffices to consider the case s = 1. Since 
ED E L nZ(Q), L(Q)E Lnl(Q). In [9, Theorem 8.1, LA 4.15) there is 
defined a map 4: Z 4 L such that #(Z(Q)) E L(Q), and Q(X) = X if X E L. It 
follows that L n Z(Q) is contained in L(Q), so L(O) = L n I@). 
The next result is the key to our proof of the Malcev embedding: 
PROPOSITION 5.8. In Notation 5.1, exp(L(Q)) = U(Q). 
ProoJ We note that U(Q) and exp(L(Q)) are subsets of 1 + Z(Q). In 
(3.17) we obtained a Lie algebra isomorphism Exp: gr(L)+ gr(U) with 
Exp(X + F'L) = exp(X) C’G for X E Pi-IL. Now gr(L) is isomorphic to L 
and, hence, is generated by (ED + 'F2L}, and Exp(E, + g"'L) = h,C'U. By 
(5.4.3) and (4.5) we have gr(U(Q))S gr(U) and, hence, Exp(gr(L(Q))) c 
gr(U(lQ)); in particular, exp(VrL(Q)) C_ CU(Q). Assume inductively that 
exp(Vk+‘L(Q))S C”+‘U(Q) and let XEg'L(Q). Then, 
Exp(X + Pkt ‘L) E CkU(Q)/Ck + ’ U(O), so there is y E CkU(Q) such that 
z = exp(X)y-’ E Ck+ ‘U. Now exp(X) and y are both in 1 + Z(Q), so z is in 
(1 +Z(Q))nCkt’U and, hence, log(z)EZ(Q)nFk+‘L. By (5.7), we have 
log(z) E Vk+ ’ L(Q), so by induction z E Ckt ‘U(Q), so exp(X) E CkU(Q). 
By induction we find exp(L(O)) g U(Q). Now since U(Q) g 1 + Z(Q). 
log(U(Q)) E Z(Q)n L which is L@) by (5.7), so U(a) E exp(L(Q)). 
establishing (5.8). 
Because U and its subgroup U(Q) are essentially free (with respect to 
being class r nilpotent), (5.8) extends directly to class r nilpotent uniquely 
divisible subgroups of unipotent groups. 
PROPOSITION 5.9. In Notation 5.1, let U’ be a unipotent algebraic group, 
let S be a uniquely divisible subgroup of CT’, d-generated as a unique& 
divisible group with C” ’ S = (e) and let 5 be the Zariski-closure of S in U’. 
Then there exists a homomorphism f: Ii-+ U’ with f(U) = 3 and 
f (U(Q)) = S such that exp- ‘(S) = df (L(Q)) IS a rational Lie subalgebra of 
Lie(U’) and Lie(S) = C exp-‘(S). 
Proof. Suppo_se y, ,..., yd generate S. Since C’+‘S= {e}, C+‘S= {e) so 
there is f: U + S c U' with f(h,) = y,,. Then f(u) = x It is clear that S’ = 
f(U(t4)) is divisible, uniquely so since U' is. Since yP E S’, we have S E S’. 
It follows from (5.6) that S’ is contained in any divisible subgroup of U' 
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containing { yP}, so S’ G S. Thus, f(U(Q)) = S. Since exp(L(Q)) = U(Q) by 
(5.8), exp-‘(S) = exp-‘(f(U(Q)) = @(L(Q)) is a rational Lie algebra. Since 
TLL(iD) = L, andf(U) = S, we have Lie(S) = C exp-‘(S). 
It is also an immediate consequence of (5.8) and (5.9) that divisible 
subgroups of U(Q) are finitely generated: For if S, $ S, $ S, $ ... is a 
proper ascending chain of finitely generated divisible subgroups of U(Q), 
then exp-‘(S,) $ exp-‘(S,) $ **a is a proper ascending chain of rational 
subalgebras of L(Q) and, hence, stops. 
With this observation and (5.9) we obtain an embedding theorem for 
uniquely divisible groups. 
THEOREM 5.10. Let H be a uniquely divisible nilpotent group, finitely 
generated as a uniquely divisible group. Then there is a unipotent algebraic 
group i? and an injective homomorphism h: H -+ r? such that ifg: H + U’ is 
any homomorphhism from H to a unipotent group there is a unique 
homomorphism g: j?-+ U’ with g = gh. 
ProoJ Assume H is d-generated and Crf ‘H = (e). We can find a map 
GOD) + H whose image contains the generators of H, and whose kernel 
contains C” ‘G(Q). so a map U(Q) + H which by (5.5) must be onto. Let 
R = Ker(U(Q) + H); then by (5.3)(2), R is uniquely divisible and, as 
remarked above, finitely generated. Let E be the Zariski-closure of R. By 
(5.9) (with appropriate choice of d, r), Lie(R) = @ exp-‘(R). Now 
exp-‘(R) G L(Q) by (5.8). and L = C @L(Q), so Lie(R) = C @ exp-‘(R). 
Thus, Lie (R)nL(Q)=exp-‘(R), so RnU(Q) = R. Now U(Q) is Zariski- 
dense in U and R is normal in U(Q), so E is normal in U. Thus, 
H = U(Q)/R embeds in the unipotent group H = U/l?. It is clear that I? has 
the desired universal property. 
We abstract part of the argument of (5.10) for us below: we showed that if 
S is a divisible subgroup of U(Q) with Zariski-closure S, then 
S n U(lD) = S. We apply this remark to obtain the following information 
about Zariski-closures of subgroups of U(Z): 
LEMMA 5.11. In Notation 5.1, let R be a normal subgroup of U(Z) and 
R its Zariski-closure in U. Then (Rn U(Z))/R is finite. 
ProoJ: U(Z) is finitely generated nilpotent, hence Noetherian, so R is 
finitely generated. Let S be the smallest uniquely divisible subgroup of U(Q) 
containing R. Assume R (and hence, S) is generated by y, ,..., y,, and use 
prime (( )‘) to indicate Notation (5.1) with d replaced by m. It follows from 
(5.9) that there is a homomorphismf: CT’ -+ U withf(g,) = y,,f(U’(h)) = R 
and f(U’(Q)) = S. If x E S, it follows from (5.6) that there is n # 0 in Z 
with x” E R. Since the Zariski-closure of S =f(U’) =E, by the remark -.. 
preceding the lemma we have R n U(Q) = S. Thus, En U(Z) is contained 
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inS.Thus,ifxERnU(H),thereisn#OinZwithx”ER.NowRnU(L) 
is also finitely generated, so (Rn U(Z))/R is finitely generated, nilpotent, 
and torsion. hence finite. 
From (5.11) we deduce the embedding theorem for torsion free nilpotent 
groups: 
THEOREM 5.12. Let r be a jkitely generated torsion free nilpotent 
discrete group. Then there is a unipotent algebraic group f and an injective 
homomorphism h: r + r such that if g: r + U’ is any homomorphism from r 
to a unipotent group there is a unique homomorphism g: r-+ U’ with g = gh. 
ProoJ Assume r is d-generated and C” ‘r = (e). We can find a 
surjection U(z) --) r with kernel R. Let E be the Zariski-closure of R in U. 
Then A = (Rn U(E))/R is finite by (5.11) and injects into U(S)/R =r. 
Since r is torsion free, A = (e) and I?n U(Z)) = R. Now R is normal in 
U(Z) so E is normal in U. and r= U(S)/R injects into r= U/R. It is clear 
that r has the desired universal property. 
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